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Abstract. The effect of a scale dependent newton coupling, which is a crucial ingredient of
many quantum gravity theories, is investigated in this paper. For case of non-rotating black
holes, and using the null energy condition, we show that Newtons scale dependent coupling can
actually be obtained without solving the full quantum gap equations.
1. Introduction
Nowadays, different alternatives exist to obtain an unified theory of quantum gravity. Loop
quantum gravity [1] as well as string theory [2,3] are famous candidates to achieve this unification.
Besides, a self-consistent theory of quantum gravity is still lacking, being studied assuming
different points of view [4–20]. Many quantum extensions of general relativity present a common
feature: a scale dependence appearing at the level of the effective action of gravity. The classical
couplings are not constants any more, instead, they depend on arbitrary scale k. The physics
of a black hole strongly depends on the scale setting e.g. the connection between k and r.
For the case of spherically symmetric black holes, it can be expected that k = k(r) and
thus {Gk,Λk, ek,Ok} → {G(r),Λ(r), e(r),O(r)} [21, 22]. Those r-dependent couplings can be
obtained directly from the quantum gap equations, if one assumes certain energy conditions.
Recent papers have shown that the so-called “Null Energy Condition” (hereafter NEC) plays
a crucial role in this context [23–25]. Thus, in this conference proceedings we analyze the
link between the so-called Schwarzschild ansatz and the NEC, in the light of scale dependent
couplings. We show farther the important role played by the NEC in determining the
gravitational running coupling G(r). The present work is organized as follows: after this short
introduction, we explain the main idea of this letter in Section 2, whereas the technique and
results are collected at Section 3. Finally, the conclusions are given at Section 4.
2. Main Idea
The so-called Null Energy Condition is one of the usual energy conditions (dominant, weak,
strong, and null) and, besides, the least restrictive of them. It helps to obtain suitable solutions
of the Einstein field equation and it is usually applied to discern whether a solution has physical
validity or not. We will explore this condition in the context of spherical symmetry where the
line element reads
ds2 = −f(r)dt2 + g(r)dr2 + r2dΩ, (1)
which have to be determined by theorems. Here f(r) and g(r) are arbitrary functions, and
dΩ is the solid angle (which depends on the studied dimension). In many cases the task of
solving the EOM’s is simplified by the so called Schwarzschild ansatz f(r) · g(r) = 1. As
was explained by Jacobson [26], the aforementioned ansatz can be seen as a consequence of
NEC. This finding follows from the fact that the Ricci tensor is proportional to the metric in
the t − r subspace. In addition, and regarding the application of this condition, one should
note that validity of NEC was guaranteed at Ref. [26], and it applies in spherical symmetry with
either Maxwell electrodynamics (i.e. the Reissner-Nordstrom solution) or Born-Infeld non-linear
electrodynamics [27], and persists in the presence of a cosmological constant.
In the present work, Jacobson’s argument is applied to black holes in the light of the running
couplings, analysing the effect of this on the underlying physics as well as the implications
associated with the specific form of gravitational coupling G(r). Thus, for an effective Einstein-
Hilbert action with cosmological constant, one has the effective Einstein field equations which
read [23,25]
Gµν + Λ(r)gµν = 8πG(r)T
effec
µν , (2)
and the effective energy momentum tensor is defined according to
8πG(r)T effecµν = 8πG(r)T
m
µν −∆tµν . (3)
Here, Tmµν is the matter energy momentum tensor (which for simplicity is taken to be zero) and
the additional term ∆tµν is related to the scale dependence of the gravitational running coupling
G(r) as shown in next section.
3. Technique and Results
In spherical symmetry 1 and according to Jacobson’s idea [26], the Null Energy Condition reads
T effecµν ℓ
µℓν = 0, ∴ Rµνℓ
µℓν = 0, (4)
where, in three dimensional spacetime, ℓµ is a null vector given by
ℓµ ≡
(√
g(r),
√
f(r), 0
)
, (5)
For arbitrary dimension, one always can define appropriate a null vector such as ℓµ =
(g1/2, f1/2,0), where 0 encoded the zero component for an arbitrary dimension of this null
vector. Using the aforementioned ℓµ combined with Eq. 4, it is ever possible to obtain a simple
differential equation which is straightforward to solve.
Besides, note that in the Einstein-Hilbert truncation [28] the field equation of motion are
consistent with Eq. 2. Thus, from 4 one sees that[
Rµν −
(
1
2
R− Λ(r)
)
gµν
]
ℓµℓν =
[
8πG(r)Tmµν −∆tµν
]
ℓµℓν , (6)
where the additional object ∆tµν is defined as follows
∆tµν ≡ Gk
(
gµν−∇µ∇ν
)
G−1k . (7)
Note that, by definition, a null vector satisfies that gµνℓ
µℓν = 0, which allows getting the simple
equation
Rµνℓ
µℓν = 0, ∴ ∆tµνℓ
µℓν = 0, (8)
which produces the following ordinary differential equation:
2
[
dG(r)
dr
]2
−G(r)
d2G(r)
dr2
= −
1
2
G(r)
dG(r)
dr
[(
f(r) · g(r)
)
−1 d
dr
(
f(r) · g(r)
)]
, (9)
thereby, one finds without even solving the set of equations 2 that
G(r) = a
[∫ r
r0
√
f(r′) · g(r′) dr′
]
−1
, (10)
independent of the actual form of f(r) and g(r). In addition, a is a real value which is taken
such as one recovering G(r)→ G0 in some limit. Particular attention must be dedicated to case
when the Schwarzschild ansatz is used. Under this assumption, the aforementioned differential
equation is simplified to be
2
[
dG(r)
dr
]2
= G(r)
d2G(r)
dr2
, (11)
which gives the following scale dependent gravitational coupling
G(r) =
G0
1 + ǫr
. (12)
The running coupling found in [23,25,29,30] corresponds to f(r) · g(r) = 1, which is consistent
with Eq. 12. Please, note that the relation f(r) · g(r) = 1 is actually independent of the
truncation and form of E.O.M.’s since by 8 alone one finds the solution.
4. Conclusion
In the present work, the role of Null Energy Condition [26] is analyzed in the context of running
couplings. It is found that the NEC allows to obtain a justification of the Schwarzschild ansatz
(by the virtue of [23]). By imposing non-generation of stress energy tensor due to scale dependent
gravitational coupling [23,25] it allows to determine the form of G(r).
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